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Abstract 



Let (M™, §i, k) be a sequence of smooth pointed complete n-dimensional 

W ' Riemannian Manifolds with uniform bounds on the sectional curvatures and 

r£ let (X,d,p) be a metric space such that {M™,gi,pi) — ► (X, d, p) in the 

Gromov-Hausdorff sense. Let C Ibe the set of points x £ X such 

that there exists a neighborhood of x which is isometric to an open set in a 

Riemannian orbifold and let B = C be the complement set. Then we have 

£> ■ the sharp estimates dimH aus (B) < min{n — 5,dimH aus X — 3}, and fur- 

o 

£N) ■ bounded stratified curvature. In particular, if n < 4 then B = and (X, d) is 



a Riemannian orbifold. Our main application is to prove that a collapsed limit 
of Einstein four manifolds has a smooth Riemannian orbifold structure away 
from a finite number of points, and that near these points the curvature has a 



-dist 2 lower bound. 



1 Introduction 



This is the first in a series of papers where the authors seek to study and build 

/"f TT 

structure for a collapsing sequence of Riemannian manifolds (M™, gi) -^ (X, d) 
under a bounded curvature assumption and using this structure to study, among 
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other things, the compactification of Einstein moduli spaces. The study of such 
collapse has a rich history, see among others the foundational works of [8] |[T2| |[T3l 
0, and in this first paper our primary focus is on metric orbifold structure of the 
limit space X. Namely we ask the question: when and how often do points p E X 
have neighborhoods isometric to a Riemannian orbifold? Work of this sort goes 
back to [fT3l where it was shown every point in X has at least quotient singularity 
structure, and in [15] where it was further shown that if the {Mi} collapse only one 
dimension then X is in fact a Riemannian orbifold. The basis of this theorem is that 
when the {M,} drop only one dimension it can be shown that the natural quotient 
singularity structure of X must have finite isotropy at each point (see Theorem l2.ll 
for a generalization and a different proof of this). 

In the general case, when the {Mi} drop two or more dimensions, it need not be 
the case that the isotropy of the natural quotient action be finite. However, this does 
not necessarily stop the quotient geometry on X from having a further reduction to 
a Riemannian orbifold structure. When a group G acts on a manifold there are often 
local reductions of this group action, see Section [3] for a precise definition, which 
can be used to simplify the quotient structure. By studying the type of group actions 
that can arise in the context of collapse the existence of these local reductions can be 
essentially classified, and so in turn can be used to understand when neighborhoods 
on X have Riemannian orbifold structures. It will turn out that orbifold singularities 
are more common than generic conic singularities. It is worth pointing out that by 
applying the metric approximation results of [[Ti,[|2l, [fT9l that many of the results 
of this paper also apply when (M n , g t ) have either uniform Ricci curvature bounds 
and lower bounds on the conjugacy radius or even only uniform lower Ricci bounds 
and a lower bound on the conjugacy radius (though in the latter case a derivative of 
regularity is lost on the Riemannian orbifold limit). 

As an application we will use these results to study collapsing Einstein four man- 
ifolds. Namely, using the e-regularity estimates of [fTTTl we will show that the col- 
lapsed limit of a sequence of Einstein four manifolds is smooth Riemannian orb- 
ifolds away from a finite number of points with a distinct lower curvature bound. 
In the sequel to this paper we will build additional structure on these limit spaces 
which will be useful in further understanding the topology and metric structure of 
the neighborhoods of these singularities. 

Similar to [7] we make the following definition for convenience. 

Definition 1.1. Let (M n ,g,p) be a pointed n-dimensional Riemannian manifold 



and {A}q be a sequence of k + 1 positive real numbers, for < k < oo. We say 
(M, #, p) is {Ajg-regular atp if V r < txAq ' B r (p) has compact closure in M with 
\sec g \ < A and \V {j) Rm g \ < A j V 1 < j < k in B P (p) . We say (M,#) is {A}%- 
regular if it is {Aj-Q-regular at every point. If (M, g) is a Riemannian manifold with 
boundary then we insist that B r (p) have compact closure in the interior of M. 

If a metric space (X, d) is the Gromov-Hausdorff limit of a sequence of Rie- 
mannian manifolds which are {Ajg-regular we will often refer to it informally as a 
collapsed space. Since we are interested in understanding the existence of points in 
collapsed limits with metric orbifold structures we introduce the following: 

Definition 1.2. Let (X, d) be a metric space. For < k < oo and < a < 1 
we call a point p E X a C fe,a -orbifold point if there exists an e > such that 
(B e (p), d) is isometric to a Riemannian orbifold with a C k ' a metric; otherwise call 
it a non-C k ' a orbifold point. 

Remark 1.1. Notice our definition of orbifold and nonorbifold includes the exis- 
tence of a metric on the finite cover and is more than just a topological condition. 
For most of the theorems it is the existence of this metric that is the difficult part. 
Also when the context is clear we will refer to a C fc ' Q -orbifold point as simply a 
metric orbifold point and a non-C k ' a orbifold point as simply a nonorbifold point. 

Note that the set of metric orbifold points is an open set in X, hence the set of 
nonorbifold points is closed. We also remark that if X is a collapsed space then it 
follows from |[T3l that X has a well defined Hausdorff dimension. 

Our first main theorem is 

Theorem 1.1. Let (M™, gi,Pi) be a sequence of pointed n- dimensional Riemannian 
Manifolds that are {A}Q-regular and assume (X, d) is a metric space such that 
(M^gi^pi) — > (X,d,poo). LetO C X be the set of C k+1 ' a orbifold points and B = 
C C X be the compliment set of nonorbifold points in X. Then dirriHaus{B) < 
min{n — 5, dimX — 3}. In particular, ifn < 4 then B = and (X, d) is a C k+1,ot 
Riemannian orbifold. 

Remark 1.2. The result is purely local in that we will actually prove that if the 
sequence is only assumed { A }q -regular at p^ then in a definate neighborhood of 
Poo the result still holds. 

We do in fact have something a bit stronger, that in dimension 5 the nonorbifold 
singular set B will be a collection of isolated points, and in dimension n > 6 that 



B will have a stratified structure of at most dimension n — 5 (dimX — 3). These 
dimensional bounds are sharp as can be seen from Example ll.31 and it is not enough 
to assume only a bound on the Ricci tensor as can be seen from Example ll .4l (though 
as remarked previously if you make the further assumption of a lower bound on the 
conjugacy radius then this is enough). 

To characterize those points in a collapsed space which are metric orbifold we 
introduce the following notation: 

Definition 1.3. Let (X, g) be a Riemannian stratified space. If x E X we say the 
curvature at x is stratified bounded if there exists a C > and a neighborhood U of 
x such that for any strata S restricted to U, the curvature of (S, g\$) is bounded by 
C. 

With this in hand we get: 

Theorem 1.2. Let (M™, gi,Pi) be a sequence of pointed n-dimensional Riemannian 
Manifolds that are {A}^-regular, k > 1, and assume (X, d) is a metric space such 
that (M™, g i} p^ — >■ (X, d, Poo). If we let p E X be an arbitrary point then p is a 
C +l ' a - orbifold point iff the curvature at p is stratified bounded. 

Remark 1 .3. In fact it is enough in the above to assume only that the curvature on the 
open dense manifold part of a neighborhood of p is uniformly bounded. Also when 
k = something may be said, but one must consider the alexandroff curvature of 
each strata in a neighborhood of p. 

The above tells us in particular that in the category of collapsed metric spaces 
that if (X, d) has stratified bounded curvature then (X, d) is a Riemannian orbifold. 
As an application we obtain: 

Theorem 1.3. Let {M^g^pi) be a sequence of compact Einstein Four Manifolds 
with Einstein constants |A»| < 3 and Euler numbers x(Mj) < D. Then after 
passing to a subsequence there exists a metric space (X, d,p) and points {qj}i E 

/-I TT 

X, with N < N{D), such that (M i} g i} pi) — ► (X,d,p) and if x E X — [Jqj 
then a neighborhood of x is isometric to a smooth Riemannian Orbifold. Further 
there exists a universal constant C such that for each x E X we have the curvature 
estimate sec(x) > min{—l, —Cd(x, {qj})~ 2 } 

It is seen from the work of ifToll . see example [1.41 that unlike the noncollapsing 
case there can be points in an Einstein limit X which are nonorbifold and have 
curvature blow up. 



A brief outline of the paper is as follows. In the Section [2] we do some anal- 
ysis, based on the work of 0, to study the local quotient singularity structure of 
X. Namely we wish to see that not only can X be locally realized as a quotient 
geometry, but that the isotropy of this action has a dimensional bound based on the 
amount X collapses. With X locally written as a quotient geometry Sections [3] and 
HJseek to classify when the geometric quotient structure of Section[2]can be reduced 
to a finite geometric quotient. In particular in Section [3] it is shown that away from 
a subset of codimension 3 in X every point has such a reduction, and in Section |4] 
it is shown that a point in X having such a reduction is equivalent to a bound on 
the curvature of X (in the stratified sense). Most of these two sections are centered 
on analyzing group quotients and many of the results also work for arbitrary such 
quotients. Section \5\ uses these results to prove the first two main theorems. The 
proof of Theorem 1 1.31 which is a straight forward application of Theorem II .11 and 
the results of ifTTI . is done in Section [6] In Appendix lAl some basic information 
about quotient geometries which is used throughout the paper is presented. An im- 
portant tool used in the paper is that distance preserving maps between Riemannian 
orbifolds are smooth in the orbifold sense, and this is proved in Appendix [Bj 

We begin with some examples: 

Example 1.1. Consider T 3 = S 1 x S 1 x S 1 with a metric g e = dQ\ + d9 2 + 
ed9 2 . Let Z 2 act on T 3 by (e if>1 , e ie \ e w *) h-> (e ie \ e"^ 2 , -e Ws ). Then Z 2 acts 
freely and isometrically and by taking a quotient we get the Riemannian Manifolds 
(T 3 /Z 2 ,g e ). If we let e — ► then (T 3 /Z 2 ,g e ) Gromov-Hausdorff converges to a 
cylinder with boundary. 

Example 1.2. Consider R 3 x S 1 and the T 2 action by (e"^ 1 , e* 02 ) • (a;, y, z, e ie ) i-> 
(x, cos<piy + sincpiz, —sin^iy + cosifiiz, e l ^ 2+e>) ). Then this is a faithful T 2 action 
and as in §8§ we can then pick a sequence of metrics g € on R 3 x S 1 which will 
collapse with bounded curvature such that (R 3 x S 1 , g e ) — > R 3 /^ 1 , where S l acts 
on R 3 by e t( ^-(x, y, z) = (x, coscpy+sincpz, —sincpy+coscpz) and hence is isometric 
to the half plane R 2 /Z 2 . The important point of this simple example is that although 
the isotropy of the 5* 1 action on R 3 jumps in dimension on the x-axis, the quotient 
still has a smooth Riemannian orbifold structure. 

We can construct a similar sequence in the compact category by considering 
S* 3 x S 1 . Then if p n , p s are the north and south poles of S 3 , then we can write 
•S" 3 — {Pn,Ps} ~ R x S 2 . Then we can construct a smooth S 1 action on S 3 by 
rotating the S 2 factor. Again this gives a faithful T 2 action on S 3 x S 1 and we can 



collapse with bounded curvature to S 3 /S 1 , which is isometric to the half sphere 

S 2 /Z 2 . 

Example 1.3. Consider R 4 x S 1 . Writing R 4 - {0} « R x S 3 and S 3 = {(z u z 2 ) G 
C 2 : |zi| 2 + \z 2 \ 2 = 1} we can let S 1 act on S 3 by A- (-21,-22) = (Xz 1 ,X 2 z 2 ). This 
gives a smooth action on R 4 — {0} which extends to a smooth action on R 4 . Thus 
we have a faithful T 2 action on R 4 x S 1 by letting the second S 1 factor act trivially 
on itself. As before we can collapse along the orbits with bounded curvature to get 
(R 4 x S 1 , g e ) — > (X, d), where now X is a cone over the teardrop orbifold. Away 
from the origin X is itself a smooth Riemannian Orbifold, but the curvature blows 
up as one approaches the origin and thus X has a true conic metric singularity at an 
isolated point. This shows us that Theorem [TTT] is sharp. Again we can do a similar 
construction in the compact category by considering S* 4 x S 1 . 

Example 1.4. From [16J one can construct a sequence of K2> surfaces (M 4 ,^) 
where g; L are Ricci-Flat and (M , gi) — > (S 2 , d), where S 2 is the topological sphere 
and d is a distance function induced by a metric g^ which is smooth away from 
precisely 24 points {^j} 24 G S* 2 . Near these points the curvatures of the smooth 
metric tend to 00 at a rate bounded by o(d~ 2 ). 

It is also interesting to point out that if we consider the closed unit disk D in R 2 
that Theorem 1 1.21 tells us that D can not be approximated arbitrarily closely in the 
Gromov Hausdorff sense by Riemannian manifolds with any uniform bounds on 
the curvature and dimension. This follows because although D is certainly a topo- 
logical orbifold which is flat as an Alexandroff space (and in the stratified sense), it 
is easy to check that it is not a Riemannian orbifold. 

2 Structure of Collapsed Spaces 

The goal of this section is to prove some slight refinements of theorems from |fT3l . 
Ifl5l . 0. The type of structure introduced in the next theorem was first observed 
in iTTSl and later refined in Q where it was used to study collapsed regions of 
individual Riemannian manifolds. The proof of the first part of the following is as 
in 0, however we will go through it both for convenience and because we wish to 
understand the structure of the isotropy group limit. 

Theorem 2.1. Let (M™,gi,pi) be smooth n-dimensional Riemannian Manifolds 
that are {A}Q-regular at p^ Assume (Mi,g i} pi) —* (X,d,Poo), a metric space. 



Then there exists e > such that for all i sufficiently large there are neighborhoods 
B2e(pi) Q Ui C Mi with the properties 

1. If Ui is the universal cover of Ui and p is any lift of a point p e B e (pi), then 
injuffl > e - 

2. If Aj are the fundamental groups ofU and pi G Ui is a lift of pi then, after 
passing to a subsequence, (Ui,gi,Ai,pi) ' — > (Uoo, 9oa, N, Poo) where 
N, a closed subgroup of the isometry group which acts properly on (U^, , goo), 
is a finite extension of a connected nilpotent Lie Group. 

Further, if in j Mi (pi) Is not uniformly bounded from below and Ip^ is the isotropy 
subgroup of N at p^ then dimlp^ < dimN. 

Remark 2.1. The neighborhoods Ui are related to the (p, k)-round neighborhoods 
of 0, though while the (p, k)-round neighborhoods were meant to capture all suf- 
ficiently collapsed directions of Mi the neighborhoods Ui are only meant to capture 
those directions which continue to collapse in the sequence. This is why N is only 
a finite extension of its identity component and the reason that the e variable in the 
theorem depends on the collapsed limit X itself and not just on the regularity prop- 
erties of the (Mi,gi). Additionally one can take U^/N to be contractible in the 
above. If one is willing to let A^ be a not necessarily finite extension of a connected 
nilpotent, or for U^/N to not be contractible, then e can be taken to depend only on 
A and n. The C k+1,a convergence is in the Cheeger-Gromov sense (see [18J for in- 
stance) and for a rigorous definition of equivariant Gromov Hausdorff convergence 
(abbreviated eGH) see ifBll or Iffl. 

The dimension estimate on the isotropy I can be viewed as a generalization of 
a theorem in [15J where this is proved under the assumption that M, collapse only 
one dimension. In particular a corollary of the above is the following: 

Corollary 2.1 (Fukaya |[T5l ). Let (M™, gi,pi) be complete n-dimensional Rieman- 
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nian Manifolds that are {A}^-regular at p^ Assume (M^g^pi) — > (X,d,Poo), a 
metric space with dimn aus X = n — 1. Then X is a Riemannian orbifold. 

Proof. By Theorem 12.11 X is locally an isometric quotient of a Riemannian man- 
ifold by a proper and faithful Lie group action N. Since dimX = n — 1 we see 
that dimN = 1, and since the dimension of the isotropy is strictly less than that of 
Af we see that diml p = for every pel. Hence by Corollary lA.il we have the 
result. □ 



We begin with a review of some of the basic constructions in |fT3l . 

Definition 2.1. Let (M, g) be a Riemannian Manifold, possibly with boundary. We 
define the associated Riemannian Manifold (FM, h) where FM is the 0(n)-frame 
bundle of M and h is the canonical metric defined by using the Levi-Civita connec- 
tion to define a horizontal distribution, letting each fiber be isometric to the standard 
bi-invariant metric on 0(n), and assuming the projection map is a Riemannian sub- 
mersion. 

The following are easy to check 

Lemma 2.1. Let (M, g) be {A}\-regular, then {FM, h) is {B}^ 1 = {B(A, n)}^ 1 - 
regular. 

Lemma 2.2. If (Mi, gi) is a precompact sequence with respect to the Gromov Haus- 
dorff distance then (FM i: hi, 0(n)) is precompact with respect to the equivariant 
Gromov Hausdorff topology. 

The first lemma is a direct computation while the second follows from an easy 
e-density argument (see [O for standard precompactness results). It follows that 

SI TT 

if (Mi, gi) — > (X, dx) then, after possibly passing to a subsequence, there exists 
(Y, d Y , 0(n)) such that (FM h h h 0(n)) e ^f (Y, d Y , 0(n)) and hence (Y, d Y )/0(n) 
(X,dx)- In fact we have the following 

Lemma 2.3 ([13]). Let (Mf, gi, p^ be smooth complete n-dimensional Riemannian 

K 

w 



Manifolds that are {A}^-regular at pi and let r < -f=. Assume (B r (pi),gi) — > 



(X,d), a metric space. Then (FB r (pi),hi,0(n)) — > (Y, hoc, 0(n)) where (Y, hoc) 
is a smooth Riemannian manifold which is {C}§° = {C(A, n)}^ -regular. 

See Q31 for details. 

The following simple lemma will be useful for studying the injectivity radius of 
a Riemannian manifold. 

Lemma 2.4. Let (M,g) be a Riemannian manifold with \sec\ < 1, p & M and 

r < 7r such that B r (p) has compact closure in M. Then if it holds that for every 
closed curve 7 at p with \j\ < r we have a one parameter family of closed curves 
7t with Y) t \ < 2r, 7o(s) = j(s) and^i(s) = p, then itiJm(v) > r /2- 



Proof. The map exp p : B r (0) — ► B r (p) is certainly a local diffeomorphism. As- 
sume x,y E B r / 2 (0) is such that exp p (x) = exp p (y), and consider the closed 
curve which is the adjoinment 7 = j x U j y where , y x ( y s) = exp p (s ■ x) and 
7 y (s) = exp p (s ■ y). By assumption there exists 74 with J7 t | < 2r and 71 (s) = 
p = 7t(l) = 7i(0), and hence Image(j t (s)) C ea;p p (5 r (0)). But by simply 
reparametrizing the interval [0, 1] x [0, 1] we may view this as a one parameter fam- 
ily of curves ^ t (s) with 70 = j x , 71 = 7^ 7t(0) = p and 74(1) = 7^(1). Since we 
also have Imagei^^s)) C exp p (-B r (0)) we can lift uniquely with 7<(0) lifting to 0. 
However then 70(5) must lift to s ■ x, 71 (s) to s • y, and 7t(l) E exp p 1 (p). Since 
exp is a local diffeomorphism this tells us x = y. Hence the exponential map is one 
to one as claimed. □ 

The above is of course closely related to Gromov's notion of the pseudofunda- 
mental group, and our main application of it is to prove the following lemma: 

Lemma 2.5. Let (M, g) be a Riemannian manifold, S C M a complete submani- 
fold and r < n such that B r (S) has compact closure in M. Assume \s€Cm\, \T$\ < 
1, where T$ is the second fundamental form of S. Then there exists a universal 
C > such that ifp G S with injs{p) > r and the normal injectivity radius ofS in 
M satisfies inJM(S) > r, then inJM(p) > Cr. 

Proof. By scaling it is enough to assume r = 1. So let 7 be a closed curve at 
p in M of length I7I < I, I to be chosen. If / < 2 then because of the normal 
injectivity radius bound on S we can use the normal exponential map exps to define 
7t(s) = exps((l — 2t)expg 1 ('y(s))). Hence 70 = 7, 71/2 Q S and because the 
curvatures of M and second fundamental form of S are uniformly bounded we 
have that if I is sufficiently small then J7 t | < ||7J < |l. Now 71/2 is a closed curve 
in S at p, and so since we have a lower injectivity radius bound in S at p we have 
that if I71/2I < 2 then we can similarly use the exponential map in S at p to define 
7t(s) = exp p ((2 — 2t)exp~ 1 (71/2(5))) . The curvature of S with the induced metric 
is uniformly bounded because the second fundamental form is uniformly bounded, 
so again for I small we then have that for t E [|, 1] that |7j| < f I71/2I < 2 |-y| < 21. 
Since 7 was arbitrary up to the bound on its length we have by the Lemma [2~4l that 
there is a uniform lower bound on the injectivity radius of M at p. □ 



Now we can prove the main result of this section: 

roofofTheorem\2J\ Let (M i7 g i7 pi) -> (X.d^p^ 
theorem. First we prove Theorem |2. II (1) and find e > and Ui D B 2e with the 



Proof of Theorem [2771 Let {M i: g^ Pi) — > (X, d, p^) be as in the statement of the 



desired lower injectivity radius bounds on L^. So assume no uniform e exists, then 
in particular after passing to a subsequence we can assume the statement fails for 
€{ — i. For i sufficiently large we will show a contradiction. 

Now for r = — h^ we have that (B 3r (p,i), gi) — > (B 3r (p O0 ),d). If we fix some 

<-* = Too we can ^ et 9* ^ e smooth metrics on B 2r (pi) as in [OQ such that e~ 5 gi < 
~ 9i < e s 9i , |V* - V*|c° < 5, \Rm[gi]\ < 2A°, and \V'Rm\gi]\ < C{n,j,5) for 
V j. Let (FB 2r (Pi), hi) be the frame bundle above B 2r (pi) with metric hi as in 
Definition 12.11 with respect to the perturbed metric g t on B 2r (pi). By Lemmas |2. II 
andlUwe have that there exists {B}%> = {B(n, A°)}g° such that ((FB 2r {pi), hi) 
is {i?}g° -regular and such that after possibly passing to a subsequence we have 
(FB 2r {pi), h, 0(n)) e ^ (Too, h^, 0(n)), where (Y^, L) is also a {5}§° -regular 
Riemannian manifold. 

Now let (Yi, hi) = ((FB r (pi),hi) be the portion of the frame bundle above 
B r (pi) and let i < min{r,inj(Y oc )}. Then by mollifying equivariant Gromov- 
Hausdorff maps between Yi and Y^ it follows from [fT] that for large i there exist 
0(n) -equivariant maps fi'.Yi—* Foo which are almost Riemannian submersions 
such that there exists C = C(n, B, i) such that | V 2 /j| < C . In particular for all 
i sufficiently large we may assume ^\X\ < \dfi[X]\ < C\X\ for all x G Yi and 
for all horizontal vectors X (recall that a horizontal vector at x E Yi is by defini- 
tion one which is perpendicular to the fiber tangent of / i _1 (/j(x))). We also have 
the property that the level sets of fi are connected with diameter tending to zero as 
i — > oo. Let pi e Yi be a lift of pi and p^ = limi-,oofi(pi) G Y^ (after passing to a 
further subsequence). 

Now the second fundamental form of 0(n) ■ poo = ^oo has some uniform bound 
D > 0. Let us define Si = f^ l (0(n) -poo), which are also invariant under the 0(n) 
action on Yi. Because of our bounds on fi and because S^ has uniform bounds on 
its second fundamental form it is a small calculation to check that, after possibly 
modifying D, the second fundamental form of Si is also uniformly bounded by D 
with respect to the metric hi. 

Now let t, = min{r, inJYceiSoo)} , where injy^iSoo) is the normal injectivity 
radius of the surface S^. The claim is that there exists e = €o(n, D, i Q ) such that 
the normal injectivity radius of §i satisfies injy^Si) > e . To see this notice that 
because the curvature of Yi is bounded by B° and the second fundamental form of 
Si is bounded by D that if inj (Si) is sufficiently small, depending on just B° and D, 
that there must be a geodesic 7 with length |t] = I small, such that 7(0), j(l) G Si 
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and 7(0), 7(Z) are horizontal to §+. If 7(2) = fi(^(t)) is the projected curve in 
Yoo then because \^\(t) = 1 we have |7|(t) < C, and since 7(0) is perpendicular 
to Si we have that |7|(0) > \/C and is nearly horizontal to Of^). If we let 
^(t) — d^ (5<x»7(0) be the distance function to S^, then if / < 2l we have 
that 0(£) is smooth for t G (0,/). Our conditions on 7(0) and 7(0) guarantee 
that 0(0) = and |0|(O) > C — C(C), and because 7 is a geodesic in Yi and 
I V 2 /j| < C we have that we can alter C such that the geodesic curvature of 7 
satisfies |Vyy|(i) < C^ 1 . Because the curvature of Y^ is bounded by B° and the 
second fundamental form of S^, is bounded by D, we have the distance function 
to 6*00 has uniform lower hessian bounds at each interior point 7(£), and combining 
this with our geodesic curvature bounds on j(t) we see that we can pick C such 
that ^x<j>(t) > -C for all t G (0,/). In particular, since 0(0) = (f)(1) = and 
|0| (0) > C, we have a lower bound on I by some e . 

So far our construction has been on Y { , so to descend to Mi we now notice that 
since our smooth submanifold Si is 0(n) invariant it defines, through the 0(n) 
quotient map, a smooth submanifold Si of Mi. Since Si = 0(n)\(0(n) ■ ff 1 (poo)) 
and diamfi (poo) — * as i — > 00, we have that the diameter of Si tends to zero as i 
tends to infinity. Since the quotient map Yi — > B r (pi) is a Riemannian submersion 
the second fundamental form bound on Si tells us the second fundamental form 
of Si is also bounded by D, and further that since inJYi(Si) > eo we have that 
the normal injectivity radius of Si satisfies inJMi(Si) > e . Now these estimates 
hold with respect to the perturbed metric gi, but because g,[ and cji are C 1 close, 
closeness depending only on A , we can modify D and e such that they hold for g^ 
as well. Now we define U{ = B eo (Si), and so Ui is in fact diffeomorphic to a vector 
bundle over Si (compare lfT5l ). The uniform curvature and second fundamental 
form bounds on Si tells us the curvature of the induced metric on Si also has uniform 
curvature bounds. Hence by |[2T| we have that for large i that Si is an infranil 
manifold, and in particular for some simply connected nilpotent Lie group iVj we 
have that the fundamental group of Si satisfies Aj < Ni x Aut(Ni) with |Aj/(Aj n 
Ni)\ < w(n). Now let Si be the lift of Si in Ui, which is itself isometric to the 
universal cover of Si, and the claim is that there is a lower injectivity radius bound 
of (Ui, gij in B eo / 2 (Si) C Ui. To see this let q G Si be arbitrary, then if we can show 
a lower bound of injfj. (q) at any such q we will have established the claim because 
the curvature of Ui are uniformly bounded and B eo (Si) C U im Now it follows from 
O that for all i sufficiently large that Si also has a uniform injectivity radius bound 
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by some e (modify e ). But now we can just apply lemma [231 to see that there is 
a lower injectivity radius bound of Ui at q because injjj.(Si) > inju^Si) > eo. 
Finally since pi — > p^ we see that for i sufficiently large that Ui satisfies I2TT1 (1) 
with f > i. 

Now we show the structure of limit and estimate the isotropy group. After 
passing to a subsequence we can pick [/, as above. Let ft G Sj and notice that 
d(Pi, qi) — > 0. It follows from the lower injectivity radius bound and because 
Qi are {Aj-Q-regular that we can now pass to a subsequence such that if Pj,ft E 
Ui are lifts of p t and ft with d(p<, g<) = d(pi, ft) then {U h g h Aj,ft) e ^ 
(^oo) fl'ooj -^ ftx>)> where A is a closed subgroup of the isometry group of g^. Be- 
cause there is a subgroup of Aj (namely Aj = Aj fl Ni) of bounded index which 
is at most n-step nilpotent, it follows that there is a subgroup of N of bounded 
index which is at most n-step nilpotent. In particular the identity component of 
iV is nilpotent. Now note that if dim(Si) = then Si is discrete and thus be- 
cause of the normal injectivity radius bound on Si this implies a uniform lower 
injectivity radius bound on Mj. Hence if we assume that inJMiiPi) -^ then 
dim(Si) = dim(Si) > 1. Notice also that Si is invariant under the action of the 
fundamental group Aj, and further because the diameter of Si is tending to zero the 
action of Aj on Si maps ft to increasingly dense subsets of <%. The second funda- 
mental form bounds on Si and the uniform lower bound on the injectivity radius 
of Si guarantee that Si limits, at least on compact subsets of Uoo, to a submanifold 
Soo C Uoo which also satisfies dim{S 00 ) > 1. But A^ now acts transitively on S^, 
in particular S^ = N ■ q^ = N -p^ and because N is closed in the isometry group 
we can identify S^ = N/I Poo . Since dim{S 00 ) > we have dimN > dimlp^. 
Further because S^ is connected, since Si are, and I Px is compact we see that N is 
at most a finite extension of its nilpotent identity component. 

□ 

Remark 2.2. In the above if fa were not only almost Riemannian submersions in 
the C 1 sense but in the C 2 sense (which is not guaranteed by 0) then we could 
see that not only is the normal injectivity radius of Si bounded from below, but as 
i grows should be approaching the injectivity radius of S^ in Y^. This will be a 
consequence of some estimates in part II of this paper. 
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3 Geometry of Toric Quotients 

Many of the techniques of this section are valid for arbitrary quotient geometries, 
however we will only derive sharp estimates for quotients by finite extensions of 
tori. The main purpose of this section is to prove the following 

Theorem 3.1. Let (M n ,g) be an n- dimensional Riemannian Manifold with C k,a 
metric and G be an I dimensional Lie Group with a faithful, proper, and isometric 
action on M. Assume for each x G M that the isotropy is a finite extension of a 
torus I x = T with diml x < i. Let B C M/G be the set ofnon-C k,a orbif old points, 
then dirriHausB < min{n — (I — i) — 4, dimM/G — 3}. 

We spend much of this section proving a Euclidean version of the above theorem: 

Proposition 3.1. Let (R m ,g) be a C k ' a Riemannian manifold and assume T < 
0(m) is a finite extension of a torus which acts faithfully and isometrically on 
{R m ,g). Then if B C (R m ,g)/f is the set of non-C^ a orbifold points, then 
dirriHausB < min{m — 4, dimM m /T — 3}. 

The proof of the proposition will be done in several parts. In Lemma [3721 we first 
prove it in the case when m < 3 and T = T is a torus, so that B is empty in this 
case. With some of the tools of this section we will then be able to prove it for larger 
m inductively, and by using the results of Appendix |B] we will show the result still 
holds when we take a finite extension of T. 

The next simple lemma will be useful when we move to studying stratified spaces. 

Lemma 3.1. Let (M, g), (N, k) be Riemannian manifolds and ir : M —> N a 
Riemannian submersion. Define the semi-definite tensor h on M by h(v,w) = 
g(p^c(v),p^c(w)), where p^ is the projection to the horizontal distribution. Let 
S C M be a submanifold such that ir\s is a diffeomorphism onto its image. Then 
h\s is a Riemannian metric andn\s : (S, h\s) — ► k(S) is an isometry. 

Proof. Let v, w G T X S and V, % be the vertical and horizontal distributions associ- 
ated to the Riemannian submersion, respectively. Then h(v, v ) = <^> p-k{v) = 
■&> v 6 V <$ 7r*(i>) =0-v^t> = since 7r| s is a diffeomorphism onto its im- 
age. Now let v*,w* G "K such that ir*(v*) = 7T*(v) and 7r*(u>*) = 7r*(iu), hence 

w* = p-k(w) and v * = Pm(v), Then k(7r*(v),TT*(w)) = £;(7r*(V),7r*(-u;*)) = 
g(v*, w*) = h(v, w) as claimed. □ 
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The purpose of the above is simply to see an intrisic way to write the pullback of 
the metric on iV to any submanifold S. This intrinsic viewpoint will generalize in a 
useful way in the stratified category. 

Recall now that if M is a smooth manifold and G is a Lie Group acting smoothly 
and properly on M, then there is a natural stratification structure on M given by col- 
lecting together points in M whose isotropy groups lie in the same conjugacy class. 
This in turn induces a stratification structure on the quotient space M/G. If M is 
Riemannian and G acts isometrically, then the action induces both a quotient dis- 
tance function and a stratified Riemannian structure on the quotient space, see [|20l . 
A stratified Riemannian structure on a stratified space always itself induces a length 
distance function with respect to piecewise stratified curves (generally this means 
continuous curves which can be decomposed into a countable union of curves, each 
of which lie in a single stratum and are smooth. The length of such curves is in- 
duced from the stratified Riemannian structure. In fact, for a quotient space, we 
can get away with curves which can be decomposed into a finite number of such 
pieces). It can be checked that the induced length space distance and the quotient 
distance function are the same on M/G. 

Definition 3.1. Let (M, g) be a Riemannian manifold with G a Lie group acting 
properly and isometrically on it. Let p^ be the projection to the horizontal distribu- 
tion at each point. We call the tensor h on M defined by h(v, w) = g(pH( v ),Po<( w )) 
the full pullback. 

Note that h above is not the pullback of the stratified Riemannian metric on M/G. 
It is in fact larger than the standard pullback. Additionally it is worth pointing 
out that h is not even continuous, as p^c isn't continuous away from the principal 
stratum. 

Definition 3.2. Let M be a smooth manifold with G a Lie Group acting smoothly 
and properly on M. Let S C M be a smooth submanifold and T < G a finite 
subgroup. We say the pair (S, T) is a local reduction of the group action if 

1) T restricts to an action on S 

2) Giving S the induced stratification structure from M and letting i : S/T — >■ 
M/G be the natural map with sT i— > sG, then the image of i is open and t is a 
stratified diffeomorphism onto its image. 

We say (S, V) is a local reduction at x if S contains x. 
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Proposition 3.2. Let (M, g) be a Riemannian Manifold with G a Lie Group acting 
properly and isometrically on M. Let (S, F) be a local reduction. Then the full 
pullback h defines a stratified metric on S/F, hence induces a distance function on 
S/F, and i : S/F — ► t(S/F) C M/G is an isometry of metric spaces with respect 
to this distance. 

Proof. Let S C M be a stratum of M which intersects S. Let n G : M -> M/G and 
7Tr : S — ► 5/r be the projection maps. Note that 7r G |§ is a Riemannian submersion 
and 7r r | § is a covering map. Let p E (§ fl S)/F and U a neighborhood of p in the 
stratum (§C)S)/F. Since the projection is a covering map we can lift I : U — ► £/ C S 
in M, for [/ small and I a diffeomorphism. Now for x E U we have that t(x) = 
na(l(x)). Since by assumption the restriction of t to U becomes a diffeomorphism 
onto its image we have that the same holds for n G restricted to U, so by the last 
lemma that h\fj is a metric on U and irc\jy is a Riemannian isometry onto its image. 
Since /i is invariant under the F action and p was arbitrary we see that h induces 
Riemannian structure on (S fl S)/T and the restriction of t to this stratum is a 
Riemannian isometry onto its image. Since the stratum § was arbitrary we see that 
h induces a stratified Riemannian structure on S/F and t is a stratified Riemannian 
isometry onto its image. Finally we point out as before that the quotient distance 
function on M/G is induced by piecewise stratified curves, and hence a stratified 
Riemannian isometry induces an isometry of metric spaces with induced length 
space structures. □ 

Definition 3.3. Let M be a smooth manifold with G a Lie Group acting smoothly 
and properly on M. Let S C M be a smooth submanifold and F < G a finite 
subgroup. We say the pair (S, F) is a local Riemannian reduction of the group action 
if (S, T) is a local reduction and additionally it holds that for every C k ' a metric g 
on M that is invariant under the G action, the restriction of the full pullback tensor 
h to S is a C k ' a metric. 

Remark 3.1. It can be checked that this condition is equivalent to having that the 
restrictions of either of the projection maps p^ or py to maps TS — ► TM are C k ' a 
maps. Also it may not seem like it but we will see that this condition really only 
depends on the structure of the group action and not on any underlying geometry. 

Corollary 3.1. Let (M, g) be a C k,a Riemannian Manifold with G a Lie Group act- 
ing properly and isometrically on M. Let (S, F) be a local Riemannian reduction, 
then n(S) C M/G has a C k ' a Riemannian Orbif old structure. 
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Proof. The length space distance function on S/T is then the same as the quotient 
distance function induced by (S, h)/T and by the last lemma t : S/T — > n(S) is an 
isometry of metric spaces. D 

Notice in the case of a finite group action a local reduction and a local Rieman- 
nian reduction are necessarily the same, this need not be the case when the group 
has dimension. Also for a proper Lie Group action by G on a smooth manifold M 
there exists a trivial example of a local Riemannian reduction at a point x E M 
when the isotropy at that point is finite, in particular let T = I x and S = S x be a 
slice through x (rigorously this is a corollary of Lemma l34l though it is at least in- 
tuitively clear). It may not be immediately clear that when the isotropy is not finite 
that a local Riemannian reduction will even exist, but the next lemma will show that 
there are in fact many such examples. 

Lemma 3.2. Let (R m , g) be a C k ' a Riemannian manifold with m < 3. Assume 
T < 0{m) is a torus which acts isometrically on (R m , g). Then (R' m , g)/T has a 
C k ' a Riemannian Orbifold structure. 

Proof, m — 1: There is only the trivial action. 

m = 3: After possibly conjugating coordinates there is only one torus 0(3) 
action, which is the action of T = S 1 by rotation around the z-axis. Let S = 
xz — plane and T = {l,e t7T }. Note that the orbit map i : S/T —> R 3 /T is a 
homeomorphism and its restriction to the two strata of R 3 and S, namely the z-axis 
and R 3 — {z-axis}, are diffeomorphisms. Hence (5*, T) is a local reduction of the 
group action. We show (S, T) is a local Riemannian reduction and then can apply 
the last corollary. So h\ s is C k > a iff p H \ s is C k > a iff p v \ s is C k ' a . Let y be the 
smooth distribution which at each point is just the y-axis. Then clearly py is C k,a 
globally. Let (x, 0,z)eS with i^fl, then V = ^ and hence pv = Py- If x = 
then because g is invariant by rotation around the z-axis we have that py(v) = 
Vf E T(o i o J «)'5 and that pv(v) = for all v. Hence pv\s = Py\s and so pv\s is C k ' a . 

m = 2: Same as above but use S'=a;-axis (alternatively notice that in this case 
quotient is always just the isometric half line, which has the natural orbifold cover 
by the real line). □ 

Remark 3.2. In fact in the above we could also have assumed T is a finite abelian 
extension of a torus without any change in the proof, since if T were finite then we 
could take the whole of R m as our reduction, while if T was not finite then it must 
still only be the circle. 
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Now given Proposition [BJ] we have an immediate corollary. 

Corollary 3.2. Let (R m , g) be a C k,a Riemannian manifold, m < 3. Assume T < 
0(m) is a finite extension of a torus which acts isometrically on (R m , g). Then 
(R m , g)/T has a C k ' a Riemannian Orbifold structure. 

To finish Proposition [3J] (and Theorem 13 .11) we need the following two lemmas 
for the inductive procedure. 

Lemma 3.3. Let M be a smooth manifold with Lie Group G acting smoothly and 
properly on it. Let (S, T) be a local Riemannian reduction in M. Then for the G 
action okMxR, where G acts by acting fixing the R factor and acting on each M 
fiber, we have that (S x R, T) is a local Riemannian reduction in M x R. 

Proof. First note that (S x R, T) is clearly a local reduction. As in the proof of 
proposition [321 we observe that (S x R, T) is a local Riemannian reduction iff for 
each C k ' a metric g on M which is invariant under G that the restriction of p v to 
S x R is C k ' a , where V is the vertical distribution with respect to the G action on 
M x R. But since G acts trivially on each R factor, we see that p^ = pv ° Pm 
where pu is the projection to the tangent of M and pv is the projection from M to 
the vertical distribution induced by the action of G on M. Thus since pm is C k,a 
and pv restricted to S is C k ' a we have that p^ restricted to S x R is C k,a . □ 

The following requires some of the structure from Appendix [A] to prove. Note 
that if G is a smooth and proper action and x G M, then there is an 0(m) action 
of I x on R m defined by a choice of slice (S x , <p x ) at x (and it is easy to check this 
action is, up to conjugation, independent of the slice map 4> x , see Appendix |A)) . 

Lemma 3.4. Let M be a smooth manifold with G a Lie Group acting smoothly and 
properly on M, and let x G M. If there exists a local Riemannian reduction for the 
induced action of I x on R m at then there exists a local Riemannian reduction for 
the action ofGonM at x. 

Proof. Let (S x , <p) be a slice at x and (S m , T) be a local Riemannian reduction at 
G R m with respect to the induced I action. Define S = ^(S" 71 ) C S x . It is 
clear that (S, T) is a local reduction for G at x, we need to prove it is a Riemannian 
reduction. Let V be the (noncontinuous) vertical distribution on Gs and g a C k ' a 
G-invariant metric on Gs (Gs = S x ■ G, see Appendix |A)) . We need to show the 
projection pv 1 5 is C k ' a . 
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Let J C V be the vertical distribution generated by the I < G action, and let 
3 1 C V be the perpendicular of J in V with respect to g. Then pv = Pi + P^ and 
if we can show p?\s and p 3 ± \$ are C k,a then pv|s is also C fc,a . Since J is tangent to 
S x we see that p^\ s = (p^ 1 o p 3 ™ ° 0*|s where J m is the horizontal distribution on 
R m generated by /. Since this is a composition of C k ' a functions it is also C k ' a . 

We will show that J- 1 is in fact a C k ' a distribution, hence the projection map to 
it is as well. So let R m x G be the total space above Gs with g a total metric as in 
Appendix [A] Also as in Appendix [A] consider the trivial bundle Gs x g equipted 
with a C k ' a adjoint metric h and let e* : Gs x g — > TGs be the vector bundle map by 
pushing forward the lie algebra by the derivative of the G action. The construction 
of h was such that for any p G S x if i p is the lie algebra of the isotropy I p and ip 
is its perpendicular with respect to h, then e*(j», •) restricted to i^ is an isometry. In 
particular since Vp G S x we have i p < i x we have that e*(p, ■) restricted to i^ is an 
isometry for all p and J^Qo) = e*(jo, z^). But ^ is a constant distribution in G s x g 
and /i is C fc,a , so z^ is a C fc ' Q distribution in Gg x g. Since e* is an isometry on this 
distribution we thus have e*(i^) = 3 1 - is a C fc ' Q distribution, as claimed. 

□ 

Remark 3.3. Using techniques similar to the last two lemmas one can also show 
that if M and iV are smooth with G acting smoothly and properly on M and H on 
N, then if (m, n) <E M x N is such that there exists a local Riemannian reduction 
for the G action at m G M and for the H action at n G N, then there exists a local 
Riemannian reduction for the G x H action at (m, n) G M x iV. 

The difficulty in the above is that both V and J are not even continuous, yet their 
difference 3 1 has full regularity. The pullback metric on Gs x g from the map e* is 
degenerate, and so trying to construct the perpendicular J -1 directly in g you find it 
is not well defined. The process of constructing a smoothing of this pullback metric, 
namely the adjoint metric h, allows you to do this construction in a canonical and 
hence smooth way. 

Now we can finish the proof of Proposition l3.lt 

Proof of Proposition ^. 1\ We need only assume T = T is just a torus, as then 
Proposition IB. 1 1 shows the result holds for T, a finite extension of T. In the fol- 
lowing it will be convenient to allow a little more however, that T = T is at most a 
finite abelian extension of a torus. 

We will first prove by induction on m that if B C R m is the set of points 
which do not have local Riemannian reductions with respect to the T action, then 
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dirriHausB < m — 4. To begin the induction argument note that for m < 3 that 
the proof of Lemma 13721 shows that the result holds. Now assume it holds for some 
m > 3, we will show it holds for m + 1. So let (R m+1 , g) be a C k,a Riemannian 
manifold with T a finite abelian extension of a torus with an 0(m + 1) isometric ac- 
tion. Then we can write R m+1 -{0} = Rx5 m with T acting on each S m fiber. If T 
acts on S m then the dimension of a slice through any point certainly has dimension 
< m, and since the isotropy of this action must also be a finite abelian extension of a 
torus we have by the inductive hypothesis and Lemma [3741 that the subset B s C S m 
of points without local Riemannian reductions satisfies dimnausBs <m — A. Thus 
by Lemma [3731 for every (£, x) outside set RxB s there exists a local Riemannian 
reduction and <izm# ans R x Bs < m — 3 = (m + 1) — 4 as claimed. 

Now notice that B is T invariant and if £? C (R m , g)/T is the set of non-C fc,a 
orbifold points then B C 5/T with dimB/T < dimB < in — 4, which gives the 
first inequality. 

To obtain the second inequality we need to estimate more carefully the dimension 
of B/T. So let R m = V 1 © . . . © V n (if m = 2n is even dimensional, R m = 
V 1 © . . . © V n © R if m = 2n + 1 is odd dimensional) be the decomposition of R m 
into two dimensional orthogonal subspaces determined by the action of a maximal 
torus in 0(m) which contains T. Let F < T be the subgroup of T which fixes B 
with Fq its identity component. Because the actions of T and F are generically free 
we see that dim(R m /T) = m — dimT and dimB/T = dimB — dimT + dimF . 
Because F is also a torus action there is some subcollection of {V 1 } that F acts 
nontrivially on while it fixes the rest. After reordering we can assume F acts 
nontrivially on^ 1 ,...,^ while it acts trivially on V k+1 , . . . , V n . Because F is a 
torus action we then see that the fix point set Fix(F ) = {0} x V k+1 © ... © V n 
(since if the projection of a point in R m into V % is nonzero for some i e {1, . . . , k} 
then some element of F rotates the point). Now on the one hand since F embeds 
as a torus action on V 1 © . . . © V k we have the estimate dimF < k. Combining 
with the estimate dimB < m — 4 we see 

dimB/T <m- dimT + k - 4 = dim(R m /T) + k - 4. 

But also B C Fix(F ) = {0} x V k+1 © . . . © V n by construction and so we can 
also estimate dimB < m — 2k to get 

dimB/T < m - 2k - dimT + k = dim(R m /T) - k. 
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If k = 0, 1 then the first estimate gives us dimB/T < dim(R m /T) — 3, while 
if k > 3 then the second estimate also gives us dimB/T < dim(R m /T) — 3. 
We thus only need to analyze the k = 2 case. If dimF = 1 then we are done 
since then dimB < dim(W n /T) — 3, so we need only consider dimF = 2. In 
this case F embeds as the maximal torus in 0(V l © V 2 ) and so by Lemma l4~2l 
the quotient V 1 © V 2 /F is an orbifold and V 1 © V 2 admits a local Riemannian 
reduction at every point. Hence by remark 13.31 if we consider the action of T/F 
on V k+1 © . . . © V n then any point which admits a local Riemannian reduction 
with respect to this action admits one in R m for the T action, and so by the previous 
estimates dimB < dim(V k+1 ®. . .@V n )— 4 = m— 8 and hence dimB/T < m—6. 

D 

Finally we can prove the main theorem of this section 

Proof of Theorem 1X71 Let x G M and I x be the isotropy group with diml x < i and 
(S x ,(fi x ) a smooth slice through x as in AppedixlAl Then I x has an 0(m) action on 
R m where m = n — (dimG — diml x ) < n — (I — i) is the dimension of a slice 
through x. By Corollary I A. 1 1 there exists a C k,a metric h on R m and an 0(m) action 
by I x which is isometric with respect to h such that a neighborhood of xG £ M/G 
is isometric to (R m ,h)/I x . Thus by Proposition O the set B C (R m ,h)/I x of 
non-C fc ' Q orbifold points satisfies dimB < mm{n — (I — i) — 4, m — i — 3} = 
min{n — [k — i) — 4, dimM/G — 3}. Since x was arbitrary this completes the 
proof. □ 

4 Geometry of Toric Quotients II 

In this section we will give a necessary and sufficient condition for a torus action to 
have a local Riemannian reduction at a point. It is interesting to note that the results 
of this section can in fact be generalized to nontorus actions, however the tech- 
niques for this are a little different and we will not need this result. For notational 
convenience we introduce the following definitions 

Definition 4.1. Let T k be a torus acting orthogonally on R m . We call the action by 
T k split if for every two dimensional subspace V C R m which is invariant under 
the T k action but not fixed, then there exists S 1 < T k such that the induced S 1 
action rotates V but fixes its orthogonal compliment. 
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Lemma 4.1. Let T k be a torus which acts orthogonally on R m and let {V^} be 
its orthogonal decomposition. Then the quotient R m /T fc has bounded stratified 
curvature if and only if the action is split. 

Proof. We can identify T k with its image in 0(m) without any loss of generality. 
First assume the action is not split, then we can find a maximal torus T n containing 
T k such that when we write R m in coordinates (x±, y±, . . . , x n , y n ) where V^ = 
span{xi, y^ (if m = 2n, otherwise we use coordinates (xi,yi, . . . , x n , y n , z n+ i) if 
m = 2n + 1, though since z n +i is fixed there is no loss of generality in assuming 
m = In) form an orthogonal decomposition with respect to the action by T n and 
V^ is a two dimensional subspace for which T k fails the split assumption. Let U C 
R m be the open dense subset defined by U = {(xi, yi, . . . , x n , y n ) E R m : Xj, yi ^ 
V?}. Notice that T n acts freely on U . Assuming the action is not split we will 
construct a point x E U and orthogonal horizontal vectors v, w E 'K T k at x such that 
the vertical projection py k ([v,w]) ^ (this is a tensor, and so independent of how 
you extend v and w to compute the lie bracket). Thus at x = xT k E R m /T fc , which 
is a smooth point of the quotient, the sectional curvatures strictly increase. Since 
the quotient is a cone this forces the sectional curvatures along the line connecting 
the origin to x to blow up as you approach the origin. 

Now since T k fails the split assumption for V± there is no S* 1 < T k which 
rotates only V^ , however V^ is also not a fixed plane. In particular, the killing field 
v = (—yi,xi, 0, . . . , 0) generated from an S* 1 action which rotates only V^ is not 
contained in V T k at any point where it is nondegenerate, in particular at any point 
in U. Let w = (—#2, 0, x±, 0, . . . , 0) and fix for the moment x E U . Let v T k be the 
killing field induced by an element of the lie algebra of T k with the property that at 
x we have that v T k is the projection of v into the vertical subspace V Tk . Similarly 
let wt» be the killing field induced by an element of the lie algebra of T n such that 
at x we have that %» is the projection of w into the vertical subspace Vt«. Let 
v = v — v T k and w = w — wt^, which at x are horizontal projections of v and 
w. We show that at x we have that v and v T k are nonzero. Since V^ is not a fixed 
plane and any element of T k which moves V^ must move some other V^ as well, 
we have that any element of V T k with a component in the V^ direction must have 
a component in the V t T direction. Since v E~ V T k by construction, we have that v T k 
is nonzero with a component in the V^ and hence V,^ directions. Since v does not 
have a component in the V^ direction the difference v is nonzero. 

Now by construction there exists Aj = \{x) and pi = jj>i(x) such that v T k = 
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(-^Wi, K^i, -X 2 y 2 , X 2 x 2 , ...) sad w^ = (-^lj/i^xi, ~n 2 y 2 , i*i 2 x 2 , •• •)• In 
particular we have that u> = (a?2 + /Ui2/i, — jUiXi, Xi + fi 2 y 2 , — /-t2X 2 , • • •)• At x we 
see that if w = then /ii = P- 7^ =>■ — jUiXi 7^ 0, which is not possible and 
hence w^O. Also note that by construction that (v, w) = because v G V T n but 

w G %Tn. 

We know by our construction that w G" V r t or J{ T fe at x, and hence -u ■ vx k > and 
M 2 > \vT h \ 2 atx. Hence Ai(xf+yf) > => Ai > Oand (xj+yf) > \\{x\+yl) => 
Ai < 1. Now [v,w] = [v — VT k ,w — w Tn ] — [v — v Tk ,w] (since v and w Tn are 
both pushforwards from a commuting lie algebra) = (—X 2 y 2 , (1 — Ai)x 2 , (—1 + 
Ai)j/i, A 2 xi, 0, . . . , 0). Hence at x we have that ([v, w],VT k ) = 2/i2/2(AiA 2 + A 2 (l — 
Ai)) + xiX2(A2 + Ai(l — Ai)). Now we could have instead considered the vector 
field w y = (0, — y 2 , 0, yi, 0, . . . , 0). Repeating the above arguments with this vector 
we get at x that ([v,w y ],v Tk ) = xix 2 (AiA 2 + A 2 (l - Ai)) + M2(A| + Ai(l - 
Ai)). We wish to find x where at least one of the two quantities ([v,w],VT k ) or 
([v,w y ],VT k ) is nonzero. So assume at some x both vanish. Thenif {[v,w],VT k ) = 
and ([v,w y ],v Tk ) = we have that (xix 2 + 2/12/2) (A2 + A 2 + Ai(l - Ai)) = ^> 
A| + Ai(l — Ai) = — A 2 =>• (plugging into first equation) A 2 (xiX 2 — 2/12/2) = 0. Now 
if we pick x such that xix 2 — y\y 2 7^ then this implies A 2 = 0. But this implies 
Ai(l — Ai) = 0, which is a contraction because we showed this quantity is positive. 
Hence not both vanish and we have constructed our horizontal vectors. 

Conversely if T k is split such that T n is a maximal torus containing T k then we 
can write R m = V^ © ... © V^ \ where V^ are again an orthogonal decomposition 
with respect to the T n action, such that we can identify T k = S 1 x S 1 . . . x S 1 
where the ith S 1 factor acts by rotating only V^. Hence R m /T fc is isometric to a 
product of lines and half lines, and is flat. □ 

To see how this is useful we need the following 

Lemma 4.2. Let T k be a split action on R m . Then there exists a local Riemannian 
reduction for the action at the origin. 

Proof. The proof is just a more involved version of Lemma [3^2l Identifying T k with 
its image in 0(m) we can, because T k is split, write R m = V\ © V 2 . . . © V k ©R m_2fc 
and T k = S 1 x S 1 . . . x S 1 where ith S 1 factor acts by rotation on VJ. In particular 
we write R m = (xi,2/i, • • • ,x k ,y k ,z) where Vi = span{xi,yi} and z G R m_2fe . 
Let S C R m be the subset S = {(xi, yi, . . . , x k , y k , z) : y { = 0}. Let T < T be the 
subgroup T = Z 2 x . . . x Z 2 where the zth Z 2 acts by rotating Vi by an angle of n. 
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This action induces a stratification on R m where for each subset iV C {1 , 2, . . . k} 
the sets § N = {(xi, j/i, . . . , x k , Vk, z) ■ (x s , y s ) = (0, 0) if s E N, (x a , y s ) ^ (0, 0) 
if s $ N} are the strata. We see as in Lemma 13^21 that the orbit map i : S/Y — > 
W n /T k is a homeomorphism and its restriction to each stratum is a diffeomorphism, 
and so (S, T) is a local reduction. We need to show that it is a local Riemannian 
reduction. So let g be a smooth metric on R m which is invariant under the torus 
action T k and let pv be the projection to the vertical subspace. We will show the 
restriction of pv to S is smooth. 

Similar to Lemma [3721 let y be the smooth distribution on R m which at each point 
is i ?/j-axis, the span of the y-axes. If x E S then x is in a unique stratum Sat. 
We see that the isotropy subgroup I x at x is spanned by those S 1 factors which 
act on V s for s E TV, and that the vertical distribution V for the T k action at x is 
©s^tv 2/s _ax i s - By identifying the tangent space at x with R, m itself we see that 
^sENifvEVg and w ^ V s , where additionally w has no components in V s , there 
exists an element of the isotropy which fixes w and maps v to —v. Since the action 
is isometric we must have g(v , w) = g(—v, w) = 0. On the other hand since the 
isotropy contains the full S 1 rotation group on V s we see the restriction of g to V s is 
conformal to the standard metric from R m . Hence we see if v points along the y s - 
axis then g(v, T X S) = 0. In particular we see that for w e T X S that py(w) = py{w). 
Since x was arbitrary we see py |$ = pv\s- But py is smooth, so py is smooth. □ 

Remark 4.1. Notice that Lemmas |4. 1 1 and l4~2l also now show that p E R m /T k has 
a local Riemannian orbifold structure iff for any lift p E R m there must be a lo- 
cal Riemannian reduction (since in this case the curvatures of ~R m /T k at p must be 
bounded, but if there was not a local Riemannian reduction at p then the isotropy 
action of T k at p would not be split and hence the curvatures at p would be un- 
bounded). 

The above also tells us that if the quotient M/T has bounded stratified curvature 
then it is a Riemannian orbifold, see also [31. 



5 Proof of Theorems 1.1 and 1.2 



Using the work of the previous sections it is now possible to complete the proofs of 
the main theorems. 
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Proof of Theorem 177/1 and \L2\ Let (M™, gi,pi) —* (X, d,poo) andp G X. By The- 
orem [27T] there exists a Riemannian manifold (U, g^) with (700 a C k+l,a metric and 
a proper and isometric action by N, a finite extension of a nilpotent, such that U/N 
is isometric to the neighborhood B € (p) for some small e. Now if p is a lift of p to 
[/ then the isotropy Ip has identity component which is a compact nilpotent, and 
hence is a torus, with dimlp < dimN by Theorem 12. II Then by Theorem 13. II we 
thus have that dim(B fl B e (p)) < min{n — 5, dimX — 3}. Since p was arbitrary 
we have proved Theorem ll.il 

To prove Theorem 11.21 assume for e small that the stratified curvature of X in 
B e (p) is uniformly bounded. Now assume in this case that the induced isotropy 
action of Ip on R m , m = n — dimN + diml, is not split. Then since the strat- 
ified curvature of X is bounded we see that the tangent cone at p is stratified flat 
(this is a cone geometry so limit is okay), but the tangent cone is also isometric 
to W" 1 /Ip. By Lemma |4~T1 R, m I Ip has unbounded curvature if Ip is not split, and 
hence Ip must be a split action. Then in follows from Lemma 14.21 that there is a 
local Riemannian reduction for this action, and so a neighborhood of p is isometric 
to a Riemannian orbifold. Conversely if p e X has a neighborhood isometric to a 
(jk+\,a Ri emann i an orbifold then the result is clear. □ 

Remark 5.1. To prove Theorem 11.11 under the assumption that the (M",g,) have 
only Ricci curvature bounds and a lower bound on the conjugacy radius we note 
that by the results of [1J and QU we can perturb (M n ,gi) to (M n ,^) in a C 1,Q 
controlled way such that (M n , cji) has uniform bounds on its curvature. Then we 
can use Theorem 12. H on (M n , g^) to locally unwrap with C l,a controlled geometry, 
which must also be C 1,a controlled for the same local unwrapping of (¥",§,). 
Since both unwrappings are invariant under the same fundamental group action we 
still see that the equivariant Gromov Hausdorff limit of the local unwrappings of 
(M n , gi) limits with a finite extension of a nilpotent action as in Theorem 12. II and 
we can repeat the arguments of above. If (M n , g±) only has a uniform lower bound 
on the Ricci we can use [2] and |[T9l to again perturb, though this time the new 
metric may only be C°' a close to the original. 



6 Proof of Theorem 1.3 



Finally we are in a position to use the results of |fTT| to finish Theorem 1 1.31 
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Proof of Theorem 1731 Because of the bounds on the Ricci curvature we can cer- 
tainly construct (X, d,p) such that (Mi, gi,Pi) — > (X, d,p) after passing to a sub- 
sequence. Let di be distance functions on the disjoint unions Mi U X such that the 
Hausdorff distances satisfy 5i = di jH (Mi, X) — > 0. It follows from this e-regularity 
theorem of ifTTl and a standard covering argument that there exists C > such that 
for each i there are points {qij}f =1 G M i? where X < N(D), such that on (M h g t ) 
we have |i?mi|(y) < min{l,Cd(y, {q%j})~ 2 } away from the {%•}. For each g i3 - 
let ijij G X such that di(qij, q^) < 2<5j. Now for each j fixed either q^ tends to 
infinity or after passing to a subsequence we can limit to a point q^. If j is such that 
qij tends to infinity then we drop it, and then after passing to a subsequence we get 
{qij} — ► {g,-}^ (X maybe smaller than before). 

Now let x G X, <i = d(x, {qj}) and Xj G M, be such that di(x, Xi) < 26i. Then 
for all i sufficiently large, which certainly depends on x, we have that d(xi, {qij}) > 
d/2. Hence on B d / 4 (xi) we have that \Rm,i\ < min{l, Cdr 2 } (where C is possibly 
altered by a factor from before). By standard estimates that means that on Bd/&(xi) 
that gi is {v4d}g° regular, where A l d = A t d~ { ~ 2+1 '> and A 1 only depends on C (and in 
particular is independent of x). Hence by Theorem [Tj] and Remark [L2l a neighbor- 
hood U of x is a smooth Riemannian orbifold. Lower curvature bounds pass to the 
limit in the Alexandroff sense, so in particular on the open dense smooth manifold 
part of U we have the desired lower curvature bounds in the standard sense. Since 
the metric on U lifts by a finite cover to a metric on Euclidean space and extends 
smoothly over the isotropy we see the lower curvature bound holds in the orbifold 
sense. □ 

It is interesting to point out that if (X, d) is a collapsed Einstein manifold with 
singularities at {pj} and (Y, d, 0(n)) is the collapsed frame bundle, so that Y/0(n) p 
X, then Y is a smooth manifold away from the orbits above {pj} and has a uniform 
upper C/d({0(n) ■ pj}, -) 2 bound on the curvatures as well as such a lower bound. 
In this context it is then clear that the upper bound on orbifold curvature of X is then 
controlled by the O'Neill integrability tensor A of the 0(n) action on Y, in partic- 
ular by the last comment we have that \secx + \A\ 2 \ blows up at most quadratically 
near a singular point. Further when we are near a singular point p of X an upper 
bound on the sectional curvatures of X can be controlled at least under some addi- 
tional assumptions on X, for instance if the tangent cones at p are noncollapsing. 
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A Geometry of Quotients 

We first fix some notation. Note that our definition of a slice is mildly extended 
from the usual definition. 

Definition A.l. Let M n be a smooth manifold with G a finite dimensional Lie 
Group acting smoothly and properly on it and x E M. Let G x = {x ■ g : g E G} 
be the orbit of x and I x = {g E G : x ■ g = x} be the isotropy subgroup at x. We 
call a pair (S x , 4> x ) a slice at x if S x Q M is an / x -invariant submanifold which is a 
slice at x in the usual sense and <f> x : S x — > R m is an J^-equivariant diffeomorphism 
with 4> x (x) = 0, m = n — (dimG — diml x ) and where I x has an 0(m) action on 
R m . We denote the open set G S = S-G. 

Throughout this section, unless otherwise stated, M n will denote a smooth man- 
ifold with G a finite dimensional Lie Group acting smoothly and properly on it. As 
in Definition |AJ] it will be convenient for us to a consider a smooth slice as being 
the pair (S x , 4> x ) as opposed to the more standard notation of just the submanifold 
S x . As usual if we have a smooth G-invariant metric g on M we can construct a 
slice and a slice map at a point x E M by considering S x = {exp x (v) : v E TG^ 
,\v\ < r} and letting <p x be a rescaled inverse of the exponential map at x restricted 
to G x (note if G acts properly then this is a slice for r sufficiently small). We will 
later be considering G-invariant metrics on M which are not smooth, and hence it 
will be useful to have a smooth slice (S x , <p x ) fixed beforehand as opposed to con- 
structing one with respect to the given metric (the exponential map behaves badly 
on nonsmooth metrics). 

Now if M is a smooth manifold with a smooth proper action by G and (S x , <f> x ) 
is a slice, then we can define a map <\> x : R m x G — > S x ■ G = Gs by (f) x (v, g) = 
<p~ l (v)-g. By construction this map is equivariant with respect to the right G-action. 
We also have a left /^.-action on R m x G by i • (c, g) = (i -1 (i;),z • g) and with 
respect to this action we see that <j) x {i- (v,g)) = 4>~ l (i^ 1 (v)) -ig = 4> x l {v) -i~ l ig = 
<fi x (v, g). This tells us that 4> x is left /^-invariant and we have a well defined map 
4> x : I x \(R m x G) — > Gs, and for a proper action this map is a diffeomorphism. 
Notice this structure follows uniquely given the slice map 4> x , and since we will 
make use of it it will be convenient to give it a name: 

Definition A.2. We call the map 4> x : R m xG — >• G s the total slice map and R m x G 
equipped with the right G-action and left /^.-action as before the total space. 
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The term total space simply refers to the fact that <j> x defines an /^.-principal 
bundle structure over Gs- When M is equipped with a G invariant metric we can 
put an associated geometry on the total space R m x G: 

Lemma A.l. Let M and G as before with (S x , <p x ) a smooth slice. Let g be a C k,a 
G-invariant metric on M, then there exists a C k,a metric g on R m x G which is 
invariant under both the right G and left I x -actions, and for which the mapping <p x 
is a Riemannian submersion. 

Proof. Begin by picking a metric on G which is right invariant and invariant under 
the left action of I x (I x is compact so this is possible), and let g be the induced 
smooth product metric on R m x G. So g is also invariant under the right G and 
left /^-actions, and in particular defines a smooth principal horizontal distribution 
with respect to the /^-action which is also invariant under the right G action. Then 
we can alter g to a C k ' a metric g by lifting the metric g on M along the horizontal 
distribution defined by g. By the construction of this horizontal distribution the 
metric g is still invariant under the G and I x actions and now <p x is a Riemannian 
submersion. □ 

We will sometimes refer to the metric g from the above as a total metric on 
R m xG.A corollary of the above is a geometric version of the slice theorem: 

Corollary A.l. Let (M n , g) be a C k,a Riemannian Manifold with G a Lie Group 
acting faithfully, properly and isometrically on M, and let x G M. Then for m = 
n — dimG x + diml x there exists a C k,a metric h on R m and an 0(m) action by 
I x which also acts isometrically with respect to h, such that a neighborhood of 
xG G M/G is isometric to (R m , h)/I x . 

Remark A.l. Topologically this is just the standard slice theorem, however it is not 
in general true that if you restrict the metric from M to a slice S that the quotient 
of S by I will be isometric to a neighborhood of M/G, hence the metric h must be 
constructed by other means. 

Proof. Let (S x ,(f> x ) be a smooth slice at x and let g be a total metric on the total 
space R m x G as in the last lemma. Because the action is proper and the right 

isOTYL 

action of G and left action by / commute we have that (R m x G,g)/I/G ~ 

ZSOTYl 

(R m x G,g)/G/I. But (R m x G,g)/I/G w {G s ,g)/G is exactly isometric to 
a neighborhood of xG in M/G and (R m x G, g)/G ^ (R m , h) for some C k > a 
metric h. Hence a neighborhood of xG is isometric to (R m , h)/I, as claimed. □ 
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Now consider the trivial vector bundle G$ x g over Gs, where g is the lie algebra 
of G. If M is equipped with a G-invariant metric g then using a total metric g on 
R m x G we can construct a fiber metric ft, on this vector bundle as follows: Let 
x G G s and £,77 G g be elements of the vector bundle above x. Let x G R m x G 
be a lift of x to the total space and e* : — > T(R m x G) be the pushforward 
derived from the derivative of the right G action on R m x G. Then we can define 
h x {ii if) = 9x{&*{£)i e*(^)), where we note that this is independent of the lift x and 
is a C k ' a fiber metric on the vector bundle Gs x g. Now there is a vector bundle 
mapping e* : Gs xg-> TG 5 where e* (x, £) G T X G S is the pushforward of £ under 
the differential of the G action on Gs at x. If £ G i ffi (which by definition is the 
lie algebra of the isotropy group I x ) then e* (x, £) = 0, and more interestingly at 
each x if we restrict e* to z^-, the perpendicular is taken with respect to the metric h, 
then e* becomes a linear isometry. Thus the metric h has given us a nondegenerate 
extension of the noncontinuous pullback metric from e*. 

Definition A.3. We call the fiber metric h constructed above on G s x g an adjoint 
metric. 

Remark A.2. Note that if G acts freely then /i is just the metric induced on the 
adjoint bundle by a right invariant metric. 

B Orbifolds 

The goal of this section is to show the following 

Theorem B.l. Let (0,g) and (U,h) be C k,a Riemannian orbifolds, k G IN and 
< a < 1. Let cf) : O —>■ U be a distance preserving homeomorphism. Then <p is 
(jk+i,a j n tne QY^iJQid se nse. 

Recall that being C k+l,a in the orbifold sense implies both the existence of local 
lifts of to the Euclidean orbifold covers and regularity of this local lift. Once a 
local lift is constructed the regularity question is standard, see for instance [10] and 
ll22l . and so most of this section is dedicated to the construction of such a lift. Our 
main use of this theorem is the following proposition. 

Proposition B.l. Let (M, g) be a C k,a Riemannian Manifold and let G be a Lie 
Group acting properly and isometrically on M. Assume G = G x F where F is a 
finite group and (M, g)/G is a C k ' a Riemannian orbifold. Then (M, g)/G is a C h,a 
Riemannian orbifold. 
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Proof. Since G is a normal subgroup of G we see that there is an induced action 
of F by distance preserving homeomorphisms on M/G and that (M, g)/G is iso- 
metric to (M/G)/F. Let x G M/G and F x the isotropy group of F at x. Because 
F is discrete we can pick r > such that V/ G F if -B r (/ • x) fl B r (x) ^ then 
/ G Fa,, thus B r (xF) in (M/G)/F is isometric to B r (x)/F x . After possibly mak- 
ing r smaller we can assume that B r (x) is isometric to (R m , <?)/.£/" where g is a 
C fc,a metric on R m and H < 0(m) is a finite group which acts isometrically with 
respect to g. We have by Theorem IB. II that each / G F x lifts to a / which is an 
isometric action on (R m ,g). Let y G R™ ff , where R™ 5 is the open dense subset 
that H acts freely on. Then each lift / of / is well defined by the value f(y) (this 
follows because as in Proposition HO we have that / maps R™ 5 to itself and so the 
differential of / at y is determined by /, since / is an isometry this determines /). 
We see that for each h G H that f(h ■ x) and h ■ f(x) are also lifts of /. Hence 
for each hi G H there must exist a unique h 2 G H such that f{h\ ■ x) = h 2 ■ f(x) 
(namely pick h 2 such that f(hi ■ y) = h 2 ■ f(y), then this must hold for all x since 
both are lifts). So if we consider the collection F of all lifts of all elements of F 
then this is exactly the statement that H is a normal subgroup of F and F = H x F. 
Hence R m /F = (R m /H)/F and the quotient is a Riemannian orbifold. □ 

We begin by recalling some basic points about the geometry of Riemannian Orb- 
ifolds. The Riemannian metric on the orbifold induces a stratified Riemannian met- 
ric on the orbifold as a stratified space, hence we can define a natural length space 
distance function on the orbifold. At each point it is the case that there is a neigh- 
borhood such that this distance function agrees with the quotient distance function 
from a chart. We call a curve a smooth geodesic if in a neighborhood of each point 
there is a lift of the curve to a smooth geodesic. Such a smooth geodesic curve is 
uniquely defined by its value and tangent vector at a point (where of course the tan- 
gent space is the quotient of R n by the local group at that point). A smooth geodesic 
need not be locally distance minimizing (in fact, it is local minimizing near a point 
iff in a neighborhood of that point it lies in a unique stratum), but it is at least always 
locally minimizing in one direction. That is is say, if j(t) is a smooth geodesic then 
3 e > such that 7|[o, e ] and 7|[_ e ,o] are segments, even though 7|[- e ,e] may not be. It 
can also be shown that a segment is a smooth geodesic. 

Theorem IB. II will follow immediately once we establish the following local ver- 
sion 
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Proposition B.2. Let (R",#i) (R n ,g 2 ) be C k ' a and let T x , T 2 < 0{n) be finite 
subgroups which act isometrically on gi, g 2 , respectively. Let (ft : (R n , gi)/Ti — > 
(H n ,g2)/T2 be a distance preserving homeomorphism with 0(0) = 0. Then is 
(jk+x,a j n tne orbifoid sense and T\, T 2 are conjugate. 

The first step is to establish the above for standard quotient geometries: 

Proposition B.3. LetY\,Y 2 < 0(n) be finite subgroups. Let : R n /ri — > R n /r 2 
be a distance preserving homeomorphism. Then there 3 an ajfine isometric lift 

: R n -»• R n af<f> and A e 0(n) such that AT^- 1 = T 2 . 

Given this we will quickly prove Proposition |R2] and hence the Theorem lB.il 

Proof of Proposition \B. 21 Let '■ (R n ,fl'i)/ri — > (R n ,g 2 )/T 2 be a distance pre- 
serving homeomorphism. We show that has a C h+1,a lift at 0, the proof is the 
same at any other point. 

Let r > be such that exp { : B r (0) C T R™ -> (B r (0),^) C (R n ,^) are 
homeomorphisms. Note that eBp^ are equivariant with respect to the Tj actions 
and so descend to homeomorhphism expi : B r /Ti — >■ (_B. r , <ij). Now maps seg- 
ments to segments, hence V v E R"/ri if we let 7„ be the unique geodesic in 
(R n ,gi)/ri with 7o(0) = and j v = v and we let e be sufficiently small, then 
0(Tu|[o,6]) is a geodesic segment in (R 71 ,^)/^ beginning at with some tangent 
vector w at 0. We define the map A : R n /rx -► R n /r 2 by A(v) = w. If we 
restrict to B r we see that <f>(x) = exp 2 (A(expi 1 (x))) for each x G B r . We will 
first show A is a distance preserving homeomorphism. Let €j —* and 0j = 0. 
Then we see that <pj is a distance preserving homeomorphism from (B r / e ., di/tj) 
to (B r / e .,d 2 /€j) and that 0j = exp2(A((exp{)~ 1 (x))), where expi ^q exponential 
maps with respect to the rescaled metrics (and so differ from the original exponen- 
tial maps by just by a rescaling). Letting j tend to infinity we see by Ascolli that 
after passing to a subsequence 0j converges to a distance preserving homeomor- 
phism 0oo : R n /ri — »■ R n /r 2 and that expi tend to the identity maps. Hence A is 
a distance preserving homeomorphism. By proposition lB.3l it lifts to a smooth map 
A : R n — > R™. Since the exponential maps lift, we see that a composition of the 
lifts is a lift of the compositions and hence lifts to a map : R n — > R n . 

Since is a lift of a distance preserving map, then at least on the open dense 
subset R™ C R n on which the Tj act freely on we see is locally distance pre- 
serving. But the distance functions on (R n ,gj) are length spaces induced from a 
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continuous metric, and so being locally distance preserving on R™ implies is a 
distance preserving map on all R™, and hence C k+1,a . □ 

To construct the lift in Proposition [B3] we first construct a lift of the regular part 
of (R n /r). This lift must be done in two steps, first by showing a lift to each com- 
ponent of Hreg * s possible and then showing that the lifts to each of the components 
may be done in a compatible way, so that the lift to R" eff extends continuously to a 
lift on R n . 

Recall that if a group H acts on a manifold M we call an open subset U C M a 
fundamental domain for H if V/ii ^ h 2 E H h-JJ H h 2 U = and UhU = M. 

Lemma B.l. Let V < 0(n) be finite subgroup. Let R" eff = UR" egi be the open 
dense subset that Y acts freely on with R" e9ii the connected components. Let R <Y 
be the reflection subgroup. Then each R™ i is a fundamental domain for R. 

Proof. Let {rj} E R be the reflections. Then R n — \J ri Fix(ri) = UCi, where d are 
connected open simplex cones and Fix(a), for a E 0(n), is the linear subspace of 
fix points of a. It is well known (see [GB]) that these d are fundamental domains 
for R. Now R" eg = R n - U aer Fix{a) = R n - U a $ {n} Fix(a) - U n Fix(ri). 
However if a E T is not a reflection, then the fix point set of a has codimension at 
least 2. Hence R™ e9)i = Ci — (U a ^{ ri }Fix(a)) n Ci, so is open dense in d and is a 
fundamental domain for R as well. □ 

As a consequence of the above we see that the connected components of R" 
are in a 1 — 1 correspondence with the elements of R, and in fact R acts freely 
and transitively on the them. That is, for each r E R and each R™ { we see that 
r(R™ eg J = R" eg j for i ^ j, and for any distinct R^i, ^re g ,j 3! r e -R such that 
r (R" eg •) = KJf j. Also note that the reflection subgroup R < T is always a normal 
subgroup. 



Lemma B.2. Let T < 0{n) be a finite subgroup with R" efl = UR" efli and R <T 
the normal reflection sui 
(r /R) for some k E IN. 



the normal reflection subgroup. Then 7fi(R" J = Z fc anJ7Ti((R n /r) re9 ) = Z fc x 



reg reg,i 

reg,tJ 



Proof We saw before that M^ egi = Ci — (U a ^ ri yFix(a)) fi Ci. Since Fix(a) 
are subspaces of codimension at least 2 and Ci is just a simplex cone, we see that 
7Ti (R"eo,i) = ^ fc where k is the number of such subspaces of codimension exactly 2. 
Since R acts freely and transitively on R" e9ii we see that W} egi m W} eg /R. Hence 
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since T/R acts freely on R? eg /R we see that 7r 1 ((R n /r) r ^) = ^((R^/r)) = 
ir 1 ((R? eg /R)/(T/R)) = Z k x(r/R) D 

The above will be enough to construct a lift to each component R£ efli . To lift to 
each component in a globally compatible way we will need the following: 

Lemma B.3. Let Ri,R2 < 0(n) be finite reflection groups. Let D\,D 2 C R n 
be convex fundamental domains for i? 1; R 2 , respectively, and (p : D 1 — ► D 2 be a 
distance preserving homeomorphism. Then 3! isometric affine extension <fi : R n — > 
R n and isomorphism <fi : R x —* R 2 such that Wr E R and x E R n we have 
4>{rx) = <j>(r)<j>(x). Further, R± and R 2 must be conjugate. 

The existence of the extension in the above is easy to show, the useful part is 
the existence of the homomorphism. This tells us that when we restrict to the open 
dense subsets : R\ ■ D x — > R 2 ■ D 2 that is a lift of 0. 

Proof. Di convex =>- <f)(x) = Ax + b for A e 0(n) and b E R n , so the unique 
extension is obvious. For i = 1, 2 let R n — U aie R i Fix(a i ) = UC/ where C\ are the 
connected cones which are the natural fundamental domains for R^. Because Di 
are convex, Di are connected. Since Di fl Fix(di) = we must then have that there 
is a C\ E {C[} and a C 2 E {C 2 } such that Di C d. Since Di are fundamental 
domains, they must be open dense in C*. 

Let {r{} be reflections in R 1 , {r J 2 } in R 2 , such that dCi = dDi = \J,j-,Fix(rl). 
Note that {r{} generates R u {r^} generates R 2 (see [fTTl ). Now extends to a 
distance preserving homeomorphism <\> : Ci — >■ C 2 . Sob = 0(0) e C2. If (j>(x) = 
then x E C\ since E C 2 , and hence x = —A~ 1 b E C\. Since C\ is a cone we see 
that 2x = —2A~ 1 b E C\ =^- 0(2x) = — b E C 2 . Hence the whole line generated 
by b must be contained in C 2 . Since C\ is a cone we have that Vx E C\ that 
x — A~ x b E C\, and so Ax = 4>(x — A~ x b) is a distance preserving homeomorphism 
A : C 7 ! -»■ C 2 . 

Now Vr|, Ar{A~ l is another reflection uniquely defined by Fix(Ar{A~ l ) = 
A ■ Fix(r{). Since A is a linear homeomorphism A : Ci — > C 2 , A must map 
hypersurface boundary components of Ci to hypersurface boundary components of 
C 2 . Hence Ar\A v E {r 2 }. Since {rj} generate Ri we see that 0(r) = ArA^ 1 
maps i?! into i? 2 - By using the same argument on _1 = A~ 1 rA we see this map 
is an isomorphism. Hence Ri and R 2 are conjugate. 

Next we show that ArA~ 1 b = 6 Vr E R\. By the previous paragraph it is enough 
to show r 2 b = b V7. So assume not for some j. Then the line generated by b is not 
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contained in Fix(r J 2 ) and so must lie on both sides of the hypersurface. However, 
C 2 lies strictly on one side, since Fixir 3 ^) forms boundary component, and the line 
generated by b is contained in C 2 by the above. This is a contradiction. So r 3 2 b = b 
V?' and hence ArA~ 1 b = b Vr E R x . Thus we see that Vr E i?! and x G R n that 

0(r ■ x) = ArA~ x x + b = ArA~ x {Ax + b) = 4>(r)4>(x), D 

We are now in a position to finish the proof of proposition IB .31 

Proof of Proposition \B.3\ Let ■ R"'/Ti — > R n /r 2 be a distance preserving home- 
omorphism with Ri < T x , R 2 < T 2 be the reflection subgroups. Now maps 
segments to segments, and the interior of each segment is contained in a single stra- 
tum. Since the strata are convex we then see maps stratum to stratum and since 
is a homeomorphism it must restrict to a distance preserving homeomorphism 

: (R7r 1 ) reg - (R n /r 2 ) reg . 

Pick A G {R" eSiM } and D 2 G {R" e9>2 ,;}- Tnen we showed that 

Tripo = z ki ,Tr 1 {(R n /r 1 ) reg ) = z ki x (ry^i) 
m{D 2 ) = z fe2 ,7n((R7r 2 ) res ) = z fe x (r 2 /i? 2 ) 

Since is a homeomorphism from (R n /Ti) reg to (R"/r 2 ) res we see that k\ = 
k 2 = k and |ri/i?i| = |r 2 /i? 2 |. If pi : D\ — > (R n /Tj) reg are the projection maps, 
then we can lift on the left to get = <pop l : A — » (R n /r 2 ) re9 . Now pi, p 2 , 0all in- 
duce corresponding maps between the fundamental groups of the manifolds. Since 
Pi are normal coverings p< (711(A)) = z * '■ Since 7r 1 ((R n /r 1 ) re9 ), 7Ti((R n /r 2 ) re9 ) 
are finite extensions of Z fc , the induced homomorphism between the fundamental 
groups by must map the Z fc factor to itself. Hence 0(7i"i(A)) Q ^2(^1 (A)) ( m 
fact equals). So there is a lifted distance preserving homeomorphism : A — > D 2 . 

We apply the last lemma to see that 3 = Ax + b : R n — > R n which is a 
lift on R\ ■ A - * R2 • D 2 , hence is a lift of 0. Since R\ and i? 2 are conjugate 
and \Y X /R X \ = \T 2 /R 2 \ we see |Ti| = |r 2 |. Let U C R?^ n _1 (R^, 2 ) be 
an open connected subset (possible since R"e S ,i'^rea,2 ^^ °P en dense cones and 
affine). Since is a lift we have Vti G r\ and x G R n 3 £ 2 (x) G T 2 such 
that <j)(tix) = t 2 (x)4>(x). Then for ti fixed we see that £ 2 (x)0(x) is continuous. 
On U this is possible iff t 2 (x) = t 2 is constant. Hence on U <j>(tix) = t 2 0(x). 
Since affine this must hold on all R n . Hence A(ti(A~ 1 (x — b))) + b = t 2 x =>- 
At\A~ l x + (b — AM -1 ) = i 2 x. Letting x go to zero we see that (b — AbA^ 1 ) = 
and hence AT^ 1 C T 2 . Since irJ = |r 2 | we see Ar^ 1 = T 2 . D 
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